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" Memoir on the Theory of the Partitions of Numbers. Part II." 
By Major P. A. MacMahon, K.A., D.Sc, F.K.S. Eeceived 
November 21, — Eead November 24, 1898. 

(Abstract.) 

Introduction. 

The subject of the partition of numbers, for its proper development, 
requires treatment in a new and more comprehensive manner. The 
subject matter of the theory needs enlargement. This will be found 
to be a necessary consequence of the new method of regarding a parti- 
tion that is here brought into prominence. 

Let an integer n be broken up into any number of integers 



^l> a 2' ^8' ^ s > 



and we ascribe the conditions 



the succession 



CC-. >• OCn >. CCr, ...... > ^Si 



&T (Z n . a n (Xo 



'1> 2> l "3' 



is what is known as a partition of n. 
There are s - 1 conditions 

to which we may add 

a«==:0, 

if the integers be all of them positive (or zero). 

Por the present all the integers are restricted to the positive or zero 
by hypothesis, so that this last-written condition will not be further 
attended to. 

If, on the other hand, the conditions be 

no order of magnitude is supposed to exist between the successive parts, 
and we obtain what has been termed a " composition " of the integer 'n. 
Various other systems of partitions into s parts may be brought 
under view, because between two consecutive parts we may place either 
of the seven symbols 

>> =J <, ==J <, =, <• 

We thus obtain 7 s " 1 different sets of conditions that may be 
assigned ; these are not all essentially different, and in many cases they 
overlap. 



Memoir on the Theory of the Partition of Numbers. 225 
For the moment I concentrate attention upon the symbol 

and remark that the s - 1 conditions which involve this symbol, set 
forth above, constitute one set of a larger class of sets which involve 
the symbol. We may have the single condition 

A 1 a) a 1 + A 2 {1) oc 2 + A B a) a s + ......+ A s a) a s >0, 

wherein A 1? A 2 , A 3 A s are integers + , zero, or -, of which at 

least one must be positive, or we may have the set of conditions 

A 1 « 1) a 1 + A 2 (1, a 2 + A 8 ^a 8 + 4-A s (1) ^>:0 

A^a-t + A 2 <% + A 8 < 2 >a 8 + + A s ^a s >: 

A i (3, *i + A 2 (3)a 2 + A 3 (3)a 3 + • + A ^ (3) ^ - ° [ 



A 1 w a 1 + A 2 ^a 2 + A 8 w a 8 + + A s M a s > 

as the definition of the partitions considered. 

If the symbol be = instead of 2: the solution of the equations falls 
into the province of linear Diophantine analysis. The problem before 
us may be regarded as being one of linear partition analysis. There is 
much in common between the two theories; the problems may be 
treated by somewhat similar methods, and lead to results of the same 
general character. 

The partition analysis of degree higher than the first, like the 
Diophantine, is of a more recondite nature, and is left for the present 
out of consideration. 

I treat the partition conditions by the method of generating func- 
tions. I seek the summation 

2 X^X^X/3 X> 

for every set of values (integers) 

a i> ^2> ^3' '^ s 

which satisfy the assigned conditions. 

It appears that there are, in every case, a finite number of ground or 
fundamental solutions of the conditions, viz. : — 

ocM, a^\ a 8 <i>. .'.'... a ,<i> 
a i (2) > *2 (2) , a 3 (2) a * 2) 



a^™\ ct 2 {m) , a 8 (m) a s (m) 
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such that every solution 

i 3 9) ^3 * • • » * * ^S 

is such that 



^ — A-, CLn -f- Ag^n ...... ~T* ^Vji^o 



(wi) 



a 



a 3 == X 1 a 8 (1) .+ X 2 a 3 (2) + A w a 3 (m > 



Oi,g — . /v cZ-g -j- /\,„GCg ...... -f~ A^iXg 



A 1 , X 2 , X m being positive integers. 

This arises from the fact that every term 

X 1 a iX 2 a 2X 3 a 3......X s a * 

of the summation is found to be expressible as a product 

1X1X2X3 X s L 



f „ (2) „ (2) „ (2) „ (2) *| \ 2 

i X i X 2 x 3 x 6> f 



„.. ., _ , v 2 



X 

f « tow) ^ <w) « (m) „ (m) "I Xw. 

X 1 X i X 2 x 3 X s h 

Denoting this product by 

P *lP *2 P *•» 

1 2 * ' * * m 

the generating function assumes the form 

l-(Qi a) + Qi (g + Qi w +..Q + ^ 

(l-P^l-P,) (1-P m ) 

wherein the denominator indicates the ground solutions and the 
numerator the simple and compound syzygies which unite them. 
The terms 

Qi (1) j Qi f2) > Qi (3) ..-«-* denote first syzygies 
^&2 > ^2 j ^2 •••••• j 3 second ,, 

^63 » ^3 5^3 • j? third ,, 

The reader will note the striking analogy with the generating func- 
tions of the theory of invariants. 

Similar results are obtained as solutions of linear Diophantine equa- 
tions. 
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The generating functions under view are real in the sense of Cayley 
and Sylvester. Enumerating generating functions of various kinds 
are obtained by assigning equalities between the suffixed capitals 

X-xr -\r 

Putting, e.g., X x = X 2 = ...... = X s = x, 

we obtain the function which enumerates by the coefficient of x 11 , in the 
ascending expansion, the numbers of solutions for which 

It will be gathered that the note of the following investigation is 
the importation of the idea that the solution of any system of equations 
of the form 

A 1 a 1 + A 2 <x 2 + A 3 a 3 +......+ A s a s 2: 

(all the quantities involved being integers) is a problem of partition 
analysis, and that the theory proceeds pari passu with that of the 
linear Diophantine analysis. 



" On the Boiling Point of Liquid Hydrogen under Eedueed Pres- 
sure." By James Dewar, M.A., LL.D., F.E.S. Eeceived 
and Eead December 15, 1898. 

The June number of the ' Proceedings of the Chemical Society ' 
contains a paper by the author on " The Boiling Point and Density of 
Liquid Hydrogen." A resistance thermometer made of fine platinum 
wire, called No. 7 Thermometer, was used in the investigation. It 
had been carefully calibrated, and gave the following resistances at 
different temperatures :- 



Lois ; 


Resistance. 


Temperature. 


Ohms. 


+ 99-1° C. 


7-337 


+ 75-3 


6-859 


+ 51*4 


6-388 


+ 25-7 


5-857 


—j™. yj j 


5-338 


-78-2 


3-687 


-182-6 


1-398 


-193-9 


1-136 


-214-0 


0-690 



The zero of the thermometer in platinum degrees was - 263*27°. 
Mr. J. D. Hamilton Dickson, M.A., Fellow of Peterhouse, who con- 
tributed a paper to the < Phil. Mag/ for June, 1898, on " The Eeduction 



